Abstract. We consider Laplacians on periodic discrete graphs. The spectrum of the operators consists of a finite number of bands, where degenerate bands are eigenvalues of infinite multiplicity. In a class of periodic 1-forms, i.e., functions defined on edges of the periodic graph, we introduce a subclass of minimal forms with a minimal number I of edges in their supports on the period. We obtain a specific decomposition of the Laplacian into a direct integral in terms of minimal forms, where fiber Laplacians (matrices) have the minimal number ( 2I) of coefficients depending on the quasimomentum and show that the number I is an invariant of the periodic graph. Using this decomposition, we estimate the position of each band, the Lebesgue measure of the Laplacian spectrum and the effective masses at the bottom of the spectrum in terms of the invariant I and the minimal forms. In addition, we consider an inverse problem: we determine necessary and sufficient conditions for matrices depending on the quasimomentum on a finite graph to be fiber Laplacians. Moreover, similar results for Schrödinger operators with periodic potentials are obtained.
Introduction
Over the last 20 years the number of papers about Laplace and Schrödinger operators on periodic discrete graphs significantly increased due to their applications to problems of physics and chemistry (see [Ha02] , [NG04] ). It is known that the spectrum of the operators consists of an absolutely continuous part (a union of a finite number of non-degenerate bands) and a finite number of flat bands, i.e., eigenvalues of infinite multiplicity. One of the main problem is to obtain any information about the gaps and the bands; in particular to estimate the positions and length of bands and gaps. For example, in the one-dimensional case it was done for Hill operators, [K00] , [K06] , where the proof is based on the detailed analysis of the corresponding band functions as functions of the quasimomentum. For the case of multi-dimensional graphs one needs to investigate band functions of the quasimomentum in more detail. Usually it is a difficult problem, where the dependence of fiber Laplacians on the quasimomentum is very important. In particular, it is useful to obtain a representation of fiber Laplacians with the minimal number of coefficients depending on the quasimomentum.
We consider Schrödinger operators with periodic potentials on periodic discrete graphs. We describe our main goals:
• in a class of periodic 1-forms, i.e., functions defined on edges of the periodic graph, to introduce a subclass of minimal forms with a minimal number I of edges in their supports on the period;
• to decompose the Schrödinger operators into a direct integral, where fiber operators (matrices) have the minimal number ( 2I) of coefficients depending on the quasimomentum; to show that the number I is an invariant of the periodic graph;
• to determine a localization of bands in terms of eigenvalues of Schrödinger operators on some auxiliary finite graphs;
• to obtain a sharp estimate of the Lebesgue measure of the spectrum in terms of the invariant I, i.e., an estimate becoming an identity for specific graphs;
• to estimate the effective masses at the bottom of the Laplacian spectrum in terms of minimal forms and geometric parameters of the graphs;
• to solve an inverse problem: to determine necessary and sufficient conditions for matrices depending on the quasimomentum on a finite graph to be fiber Laplacians.
1.1. Periodic graphs. Let G = (V, E) be a connected infinite graph, possibly having loops and multiple edges and embedded into the space R d . Here V is the set of its vertices and E is the set of its unoriented edges. Considering each edge in E to have two orientations, we introduce the set A of all oriented edges. An edge starting at a vertex u and ending at a vertex v from V will be denoted as the ordered pair (u, v) ∈ A and is said to be incident to the vertices. Let e = (v, u) be the inverse edge of e = (u, v) ∈ A. Vertices u, v ∈ V will be called adjacent and denoted by u ∼ v, if (u, v) ∈ A. We define the degree κ v of the vertex v ∈ V as the number of all edges from A, starting at v. A sequence of directed edges (e 1 , e 2 , . . . , e n ) is called a path if the terminus of the edge e s coincides with the origin of the edge e s+1 for all s = 1, . . . , n − 1. If the terminus of e n coincides with the origin of e 1 , the path is called a cycle.
Let Γ be a lattice of rank d in be the fundamental cell of the lattice Γ. We define the equivalence relation on R d :
We consider locally finite Γ-periodic graphs G, i.e., graphs satisfying the following conditions: 1) G = G + a for any a ∈ Γ; 2) the quotient graph G * = G/Γ is finite. The basis a 1 , . . . , a d of the lattice Γ is called the periods of G. We also call the quotient graph G * = G/Γ the fundamental graph of the periodic graph G. The fundamental graph G * is a graph on the d-dimensional torus R d /Γ. The graph G * = (V * , E * ) has the vertex set V * = V/Γ, the set E * = E/Γ of unoriented edges and the set A * = A/Γ of oriented edges which are finite. In other words, x A is the coordinate vector of x with respect to the basis A = {a 1 , . . . , a d } of the lattice Γ.
On the set A of all oriented edges of the Γ-periodic graph G we define the surjection f : A → A * = A/Γ, (1.3) which maps each e ∈ A to its equivalence class e * = f(e) which is an oriented edge of the fundamental graph G * . For any oriented edge e = (u, v) ∈ A of the periodic graph G the edge coordinates κ(e) are defined as the vector in R d given by
(1.4)
On the fundamental graph G * we introduce the vector-valued coordinate form κ : A * → R d :
κ(e * ) = κ(e) for some e ∈ A such that e * = f(e), e * ∈ A * , (1.5) where f is defined by (1.3).
The coordinate form κ is uniquely determined by (1.5), since
κ(e + a) = κ(e), ∀ (e, a) ∈ A × Γ.
1.3. Minimal forms. We introduce the notion of minimal forms on graphs which will be used in the formulation of our results. Let G = (V, E) be a finite connected graph with the vertex set V , the set E of unoriented edges and the set A of oriented edges. Denote by C the cycle space of the graph G. 
for all e ∈ A, and
where Φ x is the flux function of the form x defined by (1.6). In the set F (x) we specify a subset of minimal 1-forms and a subset of maximal 1-forms. Let #M denote the number of elements in a set M.
•
(1.8)
Among all 1-forms b ∈ F (x) the maximal form M has a maximal support and the minimal form m has a minimal support. Since any 1-form b ∈ F (x) has a finite support, minimal forms m ∈ F (x) and maximal forms M ∈ F (x) exist. For example, the coordinate form κ defined by (1.4), (1.5) is a maximal form in the set F (κ) on the fundamental graph G * (see Proposition 4.1.i ). An explicit expression for all minimal forms m ∈ F (x) and for the number of edges in their supports are given in Theorem 3.1.
1.4. Schrödinger operators on periodic graphs. Let ℓ 2 (V) be the Hilbert space of all square summable functions f : V → C equipped with the norm
We define the discrete combinatorial Laplacian ∆ on f ∈ ℓ 2 (V) by
(1.10)
The sum in (1.10) is taken over all oriented edges starting at the vertex v. It is well known (see, e.g., [M91] ) that ∆ is self-adjoint and the point 0 belongs to its spectrum σ(∆) containing in [0, 2κ + ], i.e.,
We consider the Schrödinger operator H acting on the Hilbert space ℓ 2 (V) and given by
where the potential Q is real valued and satisfies for all (v, a) ∈ V × Γ:
(1.13)
Main results

Decomposition of Schrödinger operators.
Recall that in the standard case the Laplacian −∆ in L 2 (R d ) is unitarily equivalent to the constant fiber direct integral:
, is a magnetic Laplacian with the magnetic vector potential ϑ, on L 2 (Ω). The parameter ϑ is called the quasimomentum.
In the case of Laplace and Schrödinger operators on periodic graphs we have the similar decomposition (see Theorem 4.3). Here we present a specific direct integral for Schrödinger operators on periodic graphs, where fiber operators have the minimal number of coefficients depending on the quasimomentum. We introduce the Hilbert space
i.e., a constant fiber direct integral equipped with the norm
where the function g(ϑ, ·) ∈ H for almost all ϑ ∈ T d .
Theorem 2.1. Let m ∈ F (κ) be a minimal form on the fundamental graph G * = (V * , E * ), where F (κ) is given by (1.7) at x = κ, and κ is the coordinate form defined by (1.4), (1.5). Then i) The image of the minimal form m is a subset of Z d and it generates the whole lattice Z d . Moreover, for some basis of the lattice Γ there exist edges e 1 , . . . , e d ∈ supp m such that the set m(e s ) s∈N d
forms an orthonormal basis of Z d .
ii) The Schrödinger operator H = ∆ + Q on ℓ 2 (V) has the following decomposition into a constant fiber direct integral
where the unitary operator U m : ℓ 2 (V) → H is a product of the Gelfand transformation U and the gauge transformation W m defined by (4.9) and (4.12), respectively. Here the fiber Schrödinger operator H m (ϑ) and the fiber Laplacian ∆ m (ϑ) are given by
where · , · denotes the standard inner product in
iv) The number of exponents e i m(e), · = 1, e ∈ A * , in the identities (2.4) for the fiber Laplacians ∆ m (·) is equal to 2I, where
(2.5)
v) The number I does not depend on the choice of • the minimal form m ∈ F (κ);
• the embedding of G into R d ; • the basis a 1 , . . . , a d of the lattice Γ.
Remarks. 1) For simple periodic graphs (the d-dimensional lattice, the hexagonal lattice, the Kagome lattice, etc.) it is not difficult to find a minimal form m ∈ F (κ) on their fundamental graphs. But for an arbitrary periodic graph this may be a rather complicated problem (see Theorem 3.1).
2) We can consider the fiber Laplacian ∆ m (ϑ), ϑ ∈ T d , as a discrete magnetic Laplacian with the magnetic vector potential α(e) = m(e), ϑ , e ∈ A * , on the fundamental graph G * . Note that the operator ∆ m (0) is just the Laplacian defined by (1.10) on G * .
3) Decompositions of Schrödinger operators on periodic discrete graphs into a constant fiber direct integral were given in [KS14] , [S13] . In [KS14] the fiber operator was expressed in terms of a special 1-form τ ∈ F (κ) defined by (4.4), (4.5) (see Theorem 4.3). In [S13] the fiber operator was given in terms of the coordinate form κ, which is a maximal form on the fundamental graph G * . 4) In Theorem 4.4 we give a general decomposition of Schrödinger operators on periodic discrete graphs into a constant fiber direct integral, where fiber operators ∆ b (ϑ) are expressed in terms of any 1-form b ∈ F (κ). Moreover, we show that among all fiber Laplacians ∆ b (ϑ), b ∈ F (κ), the fiber operator ∆ m (ϑ) has the minimal number of coefficients depending on the quasimomentum ϑ.
5) The set F (κ) is defined in terms of the coordinate form κ. But we can introduce this set using another its representative, for example, the 1-form τ ∈ F (κ) defined by (4.4), (4.5).
6) The minimal forms m, of course, depend on the choice of the embedding of the periodic graph G into the space R d and on the choice of the basis a 1 , . . . , a d of the lattice Γ. But, due to Theorem 2.1.v ) the number 2I of entries in # supp m does not depend on these choices. Thus, I is an invariant of the periodic graph G.
We formulate some simple properties of the invariant I.
Proposition 2.2. The invariant I of the Γ-periodic graph G given by (2.5) satisfies
where d is the rank of the lattice Γ and β is the Betti number of the fundamental graph G * = (V * , E * ). Moreover, i) there exists a periodic graph such that d = I = β; ii) there exists a periodic graph such that d = I < β; iii) there exists a periodic graph such that d < I = β; iv) there exists a periodic graph such that d < I < β; v) for any positive integer n, there exists a periodic graph such that β − I = n. Now we consider the inverse problem: when a matrix-valued function A (ϑ) depending on the quasimomentum ϑ on a finite connected graph G is a fiber Laplacian for some periodic graph G. 
is a fiber operator for the Laplacian ∆ on some periodic graph G with the fundamental graph G * = G.
Remark. This corollary and Theorem 2.1.ii ) give necessary and sufficient conditions for an operator of the form (2.7) to be a fiber Laplacian on a given graph G.
2.2. Spectrum of the Schrödinger operator. Theorem 2.1 and standard arguments (see Theorem XIII.85 in [RS78] ) describe the spectrum of the Schrödinger operator H = ∆ + Q. Each fiber operator H m (ϑ), ϑ ∈ T d , has ν eigenvalues λ n (ϑ), n ∈ N ν , ν = #V * , which are labeled (counting multiplicities) by
Since H m (ϑ) is self-adjoint and analytic in ϑ ∈ T d , each λ n (·), n ∈ N ν , is a real and piecewise analytic function on the torus T d and creates the spectral band (or band for short) σ n (H) given by
(2.9)
Thus, the spectrum of the Schrödinger operator H on the periodic graph G is given by
Note that if λ n (·) = C n = const on some subset of T d of positive Lebesgue measure, then the operator H on G has the eigenvalue C n of infinite multiplicity. We call C n a flat band.
Thus, the spectrum of the Schrödinger operator H on the periodic graph G has the form
where σ ac (H) is the absolutely continuous spectrum, which is a union of non-degenerate bands, and σ f b (H) is the set of all flat bands (eigenvalues of infinite multiplicity). An open interval between two neighboring non-degenerate bands is called a gap.
2.3.
Estimates of the Lebesgue measure of the spectrum. Now we estimate the position of the bands σ n (H), n ∈ N ν , defined by (2.9) in terms of eigenvalues of the Schrödinger operator on some subgraph of the fundamental graph G * and the maximal vertex degree of the remaining subgraph of G * . We also obtain the estimate of the Lebesgue measure of the spectrum of the Schrödinger operator H on a periodic graph G in terms of the invariant I given by (2.5). Let b ∈ F (κ), where F (κ) is given by (1.7) at x = κ, and κ is the coordinate form defined by (1.4), (1.5). In order to formulate our result we equip each unoriented edge e ∈ E * of the fundamental graph G * = (V * , E * ) with some orientation and represent G * as a union of two graphs with the same vertex set V * :
The graph G ii) The Lebesgue measure |σ(H)| of the spectrum of the Schrödinger operator H satisfies
where the invariant I is given by (2.5). iii) Let m, n ∈ N and m n. Then there exists a periodic graph G such that I = d = m, β = n and the estimate (2.14) becomes an identity for any potential Q.
Remarks. 1) In [FLP17] the authors also obtained a localization of the bands σ n (∆), n ∈ N ν , for the Laplacian ∆, using the so-called index form τ ∈ F (κ) defined by (4.4), (4.5). Let µ τ,1
. . . µ τ,ν be the eigenvalues of the Laplacian ∆ 0 τ on the graph G 0 τ defined in (2.11) as b = τ . Denote by V τ ⊂ V * the set of fundamental graph vertices such that each edge e ∈ E τ = E * ∩ supp τ is incident to at least one vertex of the set V τ . Let
be the eigenvalues of the Laplacian defined by (1.10) on f ∈ ℓ 2 (V * ) with Dirichlet boundary condition f | Vτ = 0. Then each band σ n (∆), n ∈ N ν , satisfies [FLP17] 
where κ + = max v∈V * κ v , κ v is the degree of the vertex v ∈ V * on the fundamental graph G * .
Finally the authors wrote "The bracketing intervals (2.16) depend on the fundamental domain.
A good choice would be one where the set of connecting edges (i.e., edges from supp τ ) is as small as possible". Here there is a problem to determine the form b ∈ F (κ) with a minimal support. We give an explicit expression for all minimal forms m ∈ F (κ) (see Theorem 3.1). Thus, in order to obtain a more precise localization than (2.16) one needs to take the minimal form m instead of the index form τ , since the number # supp τ can be significantly greater than # supp m.
2) There exist other localizations of the bands of the Laplace and Schrödinger operators on periodic discrete graphs (see the results overview below). These localizations can be combined to obtain a more exact estimate of spectral band positions.
3) The decomposition of the Schrödinger operator H into the direct integral (2.2) -(2.4) in terms of minimal forms is essentially used in the proof of the estimate (2.14). 4) From Theorem 2.4.iii ) it follows that the Lebesgue measure of the spectrum can be arbitrarily large (for specific graphs).
We know only a few papers about estimates on bands of Laplace and Schrödinger operators on periodic graphs. Lledó and Post [LP08] estimated the positions of bands of Laplacians both on metric and discrete graphs in terms of eigenvalues of the operator on finite graphs (the so-called eigenvalue bracketing). In [FLP17] the authors extended the previous article and presented a band localization (2.16) for the discrete Laplacians. They also obtained a simple geometric condition that guarantees the existence of gaps for the operators. Korotyaev and Saburova [KS15] described a localization of bands and estimated the Lebesgue measure of the spectrum of the Schrödinger operators H with periodic potentials on periodic discrete graphs in terms of eigenvalues of Dirichlet and Neumann operators on a fundamental domain of the periodic graph. In [KS14] they also estimated the Lebesgue measure of the spectrum of H in terms of geometric parameters of the graph:
τ ∈ F (κ) is the index form defined by (4.4), (4.5). But in contrast to the invariant I in (2.14), this number b depends essentially on the choice of the embedding of the periodic graph G into the space R d , i.e., b is not an invariant for G. Moreover, the number b can be less, equal or significantly greater than the Betti number β of the fundamental graph G * . For the magnetic Schrödinger operators H α with a periodic magnetic potential α we obtained the following estimate (see [KS17] )
(2.18) Due to Proposition 2.2.v ) the difference between the Betti number β and the invariant I given by (2.5) can be any natural number (for specific graphs). Then comparing estimates (2.14) and (2.18) as α = 0, we see that the estimate (2.14) is better than (2.18).
2.4. Effective masses at the bottom of the spectrum for discrete Laplacians. Let λ(ϑ), ϑ ∈ T d , be the first band function of the Laplacian ∆. It is known that
and λ(0) = 0 is a simple eigenvalue of the operator ∆(0). Then the band function λ(·) has a Taylor series expansion as |ϑ| → 0:
The matrix m = M −1 represents the effective mass tensor at the bottom of the spectrum, where
. The effective mass approximation is a standard approach in physics when the complicated Hamiltonian, for small energy, is replaced by the model Hamiltonian −
, where ∆ ϑ is the Laplacian in the quasimomentum space, and m is the effective mass (for the isotropic case). In the general case the effective mass is a tensor and its components depend on the coordinate system in the quasimomentum space.
In [K08] estimates on effective masses for zigzag nanotubes in magnetic fields were obtained. In [KS16] the authors estimated effective masses associated with the ends of each band for the Laplacians on periodic graphs in terms of geometric parameters of the graphs.
Using the direct integral decomposition (2.2) -(2.4) for Laplacians in terms of minimal forms we improve the estimates of the effective masses at the bottom of the spectrum presented in [KS16] . 
Remarks. 1) The upper estimate on the effective mass tensor m in (2.21) for some particular class of periodic graphs was proved in [KS16] . Now we prove that this estimate holds true for any periodic graph. The lower estimate on the effective mass tensor at the bottom of the Laplacian spectrum obtained in [KS16] has the form ν C τ m, where
where τ ∈ F (κ) is the index form defined by (4.4), (4.5). In contrast to the invariant 2I = # supp m, the number of entries of supp τ depends essentially on the choice of the embedding of the periodic graph G into the space R d , i.e., this number is not an invariant for G. Moreover, this number # supp τ can be significantly greater than 2I.
2) The identity d = I holds true, for example, for the d-dimensional lattice and the hexagonal lattice. For other examples of such graphs see Proposition 5.2.
The paper is organized as follows. In Section 3 we give a full description of minimal forms on a finite connected graph (see Theorem 3.1). Section 4 is devoted to the direct integral decomposition for Schrödinger operators on periodic graphs. In this section we consider some properties of the coordinate form κ on the fundamental graph G * defined by (1.4), (1.5) (see Proposition 4.1) and give a general representation of fiber Laplacians in terms of any 1-form b ∈ F (κ) (see Theorem 4.4). In section 4 we also prove Theorem 2.1 about the direct integral for the Schrödinger operators, where fiber Laplacians have the minimal number of coefficients depending on the quasimomentum, Proposition 2.2 about some properties of the invariant I given by (2.5) and Corollary 2.3. In Section 5, using the representation of fiber Laplacians in terms of minimal forms, we prove Theorem 2.4 about spectral estimates for the Schrödinger operators and show that these estimates become identities for specific graphs (Proposition 5.2). In this section we also prove Theorem 2.5 about the estimates on the effective mass tensor at the bottom of the spectrum for the Laplacians.
Minimal forms and their properties
3.1. Betti numbers and spanning trees. We recall the definitions of the Betti number and spanning trees which will be used in the proof of our results. Let G = (V, E) be a finite connected graph. Recall that #M denotes the number of elements in a set M.
• A spanning tree T = (V, E T ) of the graph G is a connected subgraph of G which has no cycles and contains all vertices of G.
• The Betti number β of the graph G is defined as
Note that the Betti number β can also be defined in one of the following equivalent ways: i ) as the number of edges that have to be removed from E to turn G into a spanning tree of G; ii ) as the dimension of the cycle space C of the graph G, i.e.,
We introduce the set S T of all edges from E that do not belong to the spanning tree T , i.e.,
and recall some properties of spanning trees (see, e.g., Lemma 5.1 and Theorem 5.2 in [B74] , and Proposition 1.3 in [CDS95] ).
Properties of spanning trees.
1) The set S T consists of exactly β edges, where β is the Betti number defined by (3.1).
2) For each e ∈ S T there exists a unique cycle c e consisting of only e and edges of T .
3) The set of all such cycles c e , e ∈ S T , forms a basis B T of the cycle space C of the graph G:
B T = {c e : e ∈ S T }. (3.4) 4) Let 0 = ξ 1 < ξ 2 ξ 3 . . . ξ ν be the eigenvalues of the Laplacian ∆ on the graph G = (V, E), where ν = #V . Then the number of spanning trees of G is equal to
Example. For the graph G shown in Fig.1a we can choose the spanning trees T and T (Fig.1  b,c) . The set S T consists of three edges e 1 , e 2 , e 3 (they are shown in Fig.1 b,c by the dotted lines) and depends on the choice of the spanning tree. The Betti number β defined by (3.1) is equal to 3 and does not depend on the set S T . 3.2. Minimal forms. Let x be a 1-form on a finite connected graph G = (V, E). We describe all minimal forms m ∈ F (x) on G, where F (x) is defined by (1.7), and give an explicit expression for the number of edges in their supports. Let T = (V, E T ) be a spanning tree of the graph G. Then, due to the properties 2) and 3) of spanning trees (see page 10), for each e ∈ S T = E \ E T , there exists a unique cycle c e consisting of only e and edges of T and the set of all these cycles B T forms a basis of the cycle space C of the graph G.
Among all spanning trees of the graph G we specify a subset of minimal spanning trees. Let β T = β T (x) be the number of basic cycles from B T with non-zero fluxes of the form x:
A spanning tree T of the graph G is called x-minimal if
Among all spanning trees of G the x-minimal one gives a minimal number of basic cycles from B T with non-zero fluxes of the form x. Since the set B T of basic cycles is finite, minimal spanning trees exist. All x-minimal spanning trees T have the same number β T . We denote this number by β(x):
Example. We consider the graph G shown in Fig.2a . The values of the 1-form x : A → R 2 on G are shown in the figure near the corresponding edges. For the spanning tree T shown in Fig.2b the set S T consists of 4 edges e 2 , e 4 , e 5 , e 6 (they are shown by the dotted lines) and the set B T defined by (3.4) consists of 4 basic cycles. Only one basic cycle (e 1 , e 2 , e 3 ) has zero flux of the form x. Thus, the number β T defined by (3.5) is equal to 4 − 1 = 3. For the spanning tree T (Fig.2 c) all basic cycles from B T have non-zero fluxes of the form x. Thus, β T = 4. Looking over all spanning trees of G (the number of spanning trees is finite) one can check that T is a x-minimal spanning tree of the graph G. Figure 2 . a) A graph G with the 1-form x; b) a x-minimal spanning tree T ; c) a non-minimal spanning tree T .
Let T = (V, E T ) be a spanning tree of the graph G. We equip each edge of S T = E \ E T with some orientation and associate with T a 1-form m( · , T ) : A → R d equal to zero on edges of T and coinciding with the flux Φ x (c e ) of the form x through the cycle c e on each edge e ∈ S T , i.e., iii) The number β(x) defined by (3.5), (3.7) satisfies
where m ∈ F (x) is a minimal form. iv) There exist a finite connected graph G and a 1-form x on it such that m( · , T ) = m( · , T ) for some distinct x-minimal spanning trees T and T of the graph G.
Proof. First we show that for each spanning tree T = (V, E T ) of the graph G the function m( · , T ) : A → R d defined by (3.8) is a 1-form in the class F (x). From (3.8) it follows that m(e, T ) = −m(e, T ) for each e ∈ A. Thus, the function m( · , T ) is a 1-form on G. For each e ∈ S T = E \ E T there exists a unique cycle c e consisting of only e and edges of the spanning tree T . Then, due to (1.6), (3.8),
for each basic cycle c e , e ∈ S T . Consequently, for each cycle c ∈ C we have Φ m( · ,T ) (c) = Φ x (c). Thus, m( · , T ) ∈ F (x). i ) Let m ∈ F (x) be a minimal form on the graph G = (V, E). We consider the finite graph
and show that G 0 is connected. Let c 0 be the number of connected components of the graph G 0 and β 0 be the Betti number of G 0 :
Since the graph G is connected, then there exist c 0 − 1 edges e 1 , . . . , e c 0 −1 ∈ (E ∩ supp m) such that the graph
, where
is connected. Let T = (V, E T ) be a spanning tree of the graph G 1 . This tree T is also a spanning tree of G. We consider a 1-form m( · , T ) ∈ F (x) defined by (3.8) on the graph G. Since all β 0 basic cycles of the graph G 0 have zero fluxes of the 1-form x, using (3.8), (3.11) and the identity #S T = β, we obtain 
where β T is defined by (3.5). From the identity c 0 = 1 it follows that the graph G 0 defined by (3.10) is connected, G 1 = G 0 , and T = (V, E T ) is a spanning tree of G 0 . We show that m = m( · , T ). Let e ∈ S T , where S T = E \ E T . Then on G there exists a unique cycle c e consisting of only e and edges of T . Due to the definition (3.10) of the graph G 0 , supp m ∩ E T = ∅. Using this, (1.6) and the identity Φ m = Φ x , we obtain m(e) = Φ m (c e ) = Φ x (c e ), ∀ e ∈ S T . (3.16) Let e ∈ E T . Then m(e) = 0. Thus, due to the definition (3.8), m = m( · , T ). It remains to be shown that T is a x-minimal spanning tree of G. Let T be a spanning tree of G such that β T < β T . This and (3.15) yield that
which contradicts the minimality of the form m.
ii ) Let T = (V, E T ) be a x-minimal spanning tree of the graph G. We prove that m( · , T ) ∈ F (x) is a minimal form. The proof is by contradiction. Let m ∈ F (x) be a minimal form and # supp m < # supp m( · , T ). This and the second identity in (3.15) yield β T < β T , where β T is defined by (3.5), which contradicts the x-minimality of the spanning tree T and completes the proof.
iii ) Let m ∈ F (x) be a minimal form. Due to item i ) there exists a x-minimal spanning tree T of the graph G such that m = m( · , T ). Using this, the second identity in (3.15) and (3.7), we obtain iv ) We consider the graph G shown in Fig.3a and define the 1-form x on it as shown in this figure. Looking over all spanning trees of G (the number of spanning trees is finite) one can check that the spanning trees T (Fig.3b) and T (Fig.3c ) are x-minimal spanning trees of the graph G. By a direct calculation we obtain m( · , T ) = m( · , T ).
Remarks. 1) Theorem 3.1.i ) -ii ) gives a full description of minimal forms m ∈ F (x). Each minimal form m is given by (3.8) for some x-minimal spanning tree T and, conversely, for each x-minimal spanning tree T the form m( · , T ) defined by (3.8) is minimal.
2) Due to Theorem iv ), the correspondence between minimal forms in a fixed set F (x) on a graph G and x-minimal spanning trees of G is not a bijection. Two different spanning trees may be associated with the same minimal form. Thus, the number of minimal forms in the class F (x) is not greater than the number of x-minimal spanning trees of the graph G.
Direct integrals
In this section we consider some properties of the coordinate form κ on the fundamental graph G * defined by (1.4), (1.5) and introduce an important 1-form τ ∈ F (κ) on the graph G * called the index form. We also give a general representation of fiber Laplacians in terms of any 1-form b ∈ F (κ). Then we prove Theorem 2.1 about the decomposition for Schrödinger operators in terms of minimal forms and Proposition 2.2 about some properties of the invariant I given by (2.5).
4.1. Properties of coordinate forms. We formulate some properties of the coordinate form κ on the fundamental graph G * defined by (1.4), (1.5). 
ii) The kernel of the flux function Φ κ does not depend on the choice of • the embedding of G into R d ; • the basis a 1 , . . . , a d of the lattice Γ, i.e., ker Φ κ is an invariant of the periodic graph G.
iii) The dimension of the kernel of Φ κ satisfies
where β is the Betti number of the fundamental graph G * given in (2.6).
Proof. i ) Obviously, κ(e) = −κ(e) for all e ∈ A * . Then the vector-valued function κ : A * → R d is a 1-form on G * . All edges of the fundamental graph except loops corresponding to loops on the periodic graph have non-zero coordinates. Since Φ κ = Φ b for any 1-form b ∈ F (κ), due to the definition, κ is a maximal form in F (κ). Now we prove (4.1). We take some vertex v ∈ V of the periodic graph G.
Since G is connected, there exists an oriented path ii ) The kernel of the function Φ κ consists of only cycles of the fundamental graph which correspond to cycles on the periodic graph G. But for any embedding of G into R d and for any basis of the lattice Γ any cycle on G has zero sum of its edge coordinates. Thus, ker Φ κ does not depend on the graph embedding and the basis of Γ.
iii ) From (4.1) it follows that dim Φ κ (C) = d. Then, using (3.2), we obtain
Remark. Any cycle c on the fundamental graph G * is obtained by factorization of a path on the periodic graph G connecting some Γ-equivalent vertices v ∈ V and v + a ∈ V, a ∈ Γ. Furthermore, the flux Φ κ (c) of the coordinate form κ through the cycle c is equal to n = (n 1 , . . . , n d ) ∈ Z d , where a = n 1 a 1 + . . . + n d a d . In particular, Φ κ (c) = 0 if and only if the cycle c on G * corresponds to a cycle on G.
Edge indices.
In order to prove Theorem 2.1 about the direct integral decomposition we need to define an edge index, which was introduced in [KS14] . The indices are important to study the spectrum of the Laplacians and Schrödinger operators on periodic graphs, since the initial fiber operators are expressed in terms of indices of the fundamental graph edges (see (4.11)).
For any vertex v ∈ V of a Γ-periodic graph G the following unique representation holds true:
Ω is the fundamental cell of the lattice Γ defined by (1.1). In other words, each vertex v can be obtained from a vertex {v} ∈ Ω by a shift by the vector [v] ∈ Γ. We call {v} and [v] the fractional and integer parts of the vertex v, respectively. For any oriented edge e = (u, v) ∈ A we define the edge "index" τ (e) as the vector of the lattice Z d given by 2) . For example, for the periodic graph G shown in Fig.4a the index of the edge (v 3 + a 2 , v 2 + a 1 )  is equal to (1, −1) , since the integer parts of the vertices v 3 + a 2 and v 2 + a 1 are equal to a 2 and a 1 , respectively. On the fundamental graph G * we introduce the index form τ :
τ (e * ) = τ (e) for some e ∈ A such that e * = f(e), e * ∈ A * , (4.5) where f is defined by (1.3). The index form τ is uniquely determined by (4.5), since
Proposition 4.2. The index form τ : A * → Z d defined by (4.4), (4.5) is a 1-form on the fundamental graph G * and Φ τ = Φ κ , (4.6) where Φ b is the flux function of a 1-form b defined by (1.6), κ is the coordinate form given by (1.4), (1.5).
Proof. From the definitions (4.4), (4.5) of the index form we have τ (e) = −τ (e) for each e ∈ A * .
(4.7)
Thus, the function τ : A * → Z d is a 1-form on G * . Now we show (4.6). Let c ∈ C, where C is the cycle space of G * . Then there exists an oriented path p = (e 1 , e 2 , . . . , e n ), e s = (v s , v s+1 ), s ∈ N n , on the periodic graph G such that c = p/Γ and p connects the Γ-equivalent vertices v 1 and v n+1 = v 1 + a on G for some a ∈ Γ. Then, due to the definitions (1.4), (1.5) of the coordinate form κ, we have
where x A is defined by (1.2). From the other hand, due to the definitions (4.4), (4.5) of the index form, we obtain
where [v] is the integer part of the vertex v. Thus, Φ κ (c) = Φ τ (c). Since c is any cycle on G * , (4.6) has been proved.
Remark. For some periodic graphs index form τ ∈ F (κ) may coincide with maximal or (and) minimal forms in F (κ).
Direct integral decomposition.
Recall that we introduce the Hilbert space H by (2.1), · , · denotes the standard inner product in R d , and {a 1 , . . . , a d } is the basis of the lattice Γ. We identify the vertices of the fundamental graph G * = (V * , E * ) with the vertices of the Γ-periodic graph G = (V, E) from the fundamental cell Ω. We need the following results (see Theorem 1.1 in [KS14] ).
Theorem 4.3. The Schrödinger operator H = ∆+Q on ℓ 2 (V) has the following decomposition into a constant fiber direct integral
for the unitary Gelfand transform U :
Here the fiber Schrödinger operator H τ (ϑ) and the fiber Laplacian ∆ τ (ϑ) are given by
where τ is the index form defined by (4.4), (4.5).
The fiber Laplacians ∆ τ (·) given by (4.11) depend on #A * indices τ (e) of the fundamental graph edges e ∈ A * . Some of them may be zero, but the number of such zero indices is difficult to control and depends on the choice of the embedding of the periodic graph G into the space R d . Therefore, in Theorem 4.4 we construct some gauge transformation and give a representation of the fiber Laplacians in terms of any 1-form b ∈ F (κ). In particular, if b is a minimal form, then the fiber operator has the minimal number of coefficients depending on the quasimomentum and it will be used to estimate the Lebesgue measure of the spectrum of the Schrödinger operators on periodic graphs (see Theorem 2.4) and the effective masses at the bottom of the Laplacian spectrum (see Theorem 2.5).
Let b ∈ F (κ) be a 1-form on the fundamental graph G * , where F (κ) is given by (1.7) at x = κ, and κ is the coordinate form defined by (1.4), (1.5). We fix a vertex v 0 ∈ V * and introduce the gauge transformation
where the function w b : V * → R d is defined as follows: for any vertex v ∈ V * , we take an oriented path p = (e 1 , e 2 , . . . , e n ) on G * starting at v 0 and ending at v and we set
(4.13)
, where κ is the coordinate form defined by (1.4), (1.5). Then the Schrödinger operator H = ∆ + Q on ℓ 2 (V) has the following decomposition into a constant fiber direct integral
14)
where the unitary operator U b = W b U : ℓ 2 (V) → H , U is the Gelfand transformation given by (4.9) and W b is the gauge transformation defined by (4.12), (4.13). Here the fiber Schrödinger operator H b (ϑ) and the fiber Laplacian ∆ b (ϑ) are given by
iii) The number N b of exponents e i b(e), · = 1, e ∈ A * , in the identities (4.16) for the fiber Laplacians ∆ b (·) satisfies
m ∈ F (κ) is a minimal form, and β(κ) is defined by (3.7) at x = κ.
. From the identities Φ b = Φ κ and (4.6) it follows that
Firstly, we show that w b (v) defined by (4.13) does not depend on the choice of a path from v 0 to v. Let p and q be some oriented paths from v 0 to v. We consider the cycle c = pq, where q is the inverse path of q. Then we have Using this, (4.11), (4.12) and (4.16), we have ii ) This is a direct consequence of the identity (4.22).
iii ) Due to the definition of the number N b we have
This, (2.5) and Theorem 3.1.iii ) give (4.17).
Remarks. 1) The formulas (4.14) -(4.16) give an infinite number #F (κ) of decompositions into constant fiber direct integrals for the same Schrödinger operator H on the periodic graph G.
2) From Theorem 4.4.iii ) it follows that the fiber Laplacians ∆ m (ϑ) with a minimal form m ∈ F (κ) defined by (2.4) have the minimal number of coefficients depending on the quasimomentum ϑ among all fiber Laplacians ∆ b (ϑ), where b ∈ F (κ).
Proof of Theorem 2.1. i ) In virtue of Theorem 3.1.i ), the minimal form m ∈ F (k) satisfies m = m( · , T ) for some κ-minimal spanning tree T = (V * , E T ) of the fundamental graph G * , where m( · , T ) : A * → R d is defined by (3.8) as x = κ. Then for each e ∈ S T = E * \ E T we have m(e) = m(e, T ) = Φ κ (c e ), (4.24) where c e is a unique cycle on G * consisting of only e and edges of T and the set of all cycles {c e } e∈S T forms a basis of the cycle space C of the graph G * . Since Φ κ (C) = Z d (see (4.1)), we conclude that there exist d edges e 1 , . . . , e d ∈ supp m such that the set
forms a basis of Z d . Then the set v ) Due to Theorem 3.1.iii ) we have I = β T , where β T is defined by (3.5) as x = κ, and T is any κ-minimal spanning tree of the fundamental graph G * . In virtue of Proposition 4.1.ii ), ker Φ κ depends neither on the choice of the embedding of G into the space R d nor on the choice of the basis of the lattice Γ. Then the definition (3.5) of the number β T shows that I does not depend on these choices. Due to the definition of the minimal form m, the number I does not depend on the choice of m ∈ F (κ).
Corollary 4.5. Let m ∈ F (κ) be a minimal form on the fundamental graph G * = (V * , E * ), where κ is the coordinate form defined by (1.4), (1.5). Then in the standard orthonormal basis of ℓ 2 (V * ) = C ν , ν = #V * , the ν × ν matrix ∆ m (ϑ) = {∆ m,uv (ϑ)} u,v∈V * of the fiber Laplacian ∆ m (ϑ) defined by (2.4) is given by
Here κ v is the degree of the vertex v.
Proof. Let {h u } u∈V * be the standard orthonormal basis of ℓ 2 (V * ). Substituting the formula (2.4) into the identity ∆ m,uv (ϑ) = h u , ∆ m (ϑ)h v ℓ 2 (V * ) and using the fact that for each loop e = (u, u) ∈ A * there exists a loop e = (u, u) ∈ A * and m(e) = −m(e), we obtain (4.25).
Remark. The number of entries lying on and above the main diagonal of the matrix ∆ m (ϑ), defined by (4.25), and depending on ϑ can be strictly less than I, where I = 1 2 # supp m, since some edges from E * ∩ supp m may be incident to the same pair of vertices.
Proof of Proposition 2.2. Due to Theorem 3.1.iii ) we have I = β T , where β T is defined by (3.5) as x = κ, and T is any κ-minimal spanning tree of the fundamental graph G * . Using the definition (3.5) of the number β T and the identities (3.2) and (4.2):
we obtain d β T β. Thus, the estimate (2.6) has been proved. i ) -ii ), v ) Let n be any nonnegative integer number. We consider a finite connected graph G 1 with the Betti number β 1 = n. For the periodic graph G obtained from the d-dimensional lattice by "gluing" the graph G 1 to each vertex of the lattice (see Fig. 6 ), due to Proposition 5.2.i ), we have d = I and the Betti number β of the fundamental graph G * satisfies Proof of Corollary 2.3. Theorem 3.1.i ) gives that the minimal form m satisfies m = m( · , T ) for some m-minimal spanning tree T of the graph G, where m( · , T ) : of the graph G with the edge index m(e). By construction, G is a Z d -periodic graph with the fundamental graph G * = G and m is the index form on G * . Thus, due to Theorem 4.3, the operator A (ϑ), ϑ ∈ T d , defined by (2.7) is a fiber operator for the Laplacian on the graph G.
Proof of the estimates
5.1. The Lebesgue measure of the spectrum. In order to prove Theorem 2.4 we need the following lemma.
be a minimal form on the fundamental graph G * = (V * , E * ), where F (κ) is given by (1.7) at x = κ, and κ is the coordinate form defined by (1.4), (1.5). Then i) The fiber Laplacian ∆ m (ϑ) given by (2.4) has the following representation:
where ∆ 0 is the Laplacian on the finite graph
is the magnetic Laplacian with the magnetic vector potential α(e) = m(e), ϑ , e ∈ A m , on the finite graph G m = (V * , E m ):
2)
A m = {e | e ∈ E m or e ∈ E m }.
ii) The quadratic form of the magnetic Laplacian ∆ m (ϑ) is given by
iii) The magnetic Laplacian ∆ m (ϑ) given by (5.2) satisfies 
For each ϑ ∈ T d the operator ∆ m (ϑ) is the magnetic Laplacian with the magnetic potential α(e) = m(e), ϑ , e ∈ A m , on the finite graph G m = (V * , E m ).
ii ) This item was proved in [KS17] (see Theorem 6.4.iv).
. Then, using the identities (5.3), (5.5), we obtain
(5.7)
For each ϑ ∈ T d the spectrum of the magnetic operator ∆ m (ϑ) satisfies the condition (5.6) (see, e.g., [HS99] ), which, in particularly, yields that ∆ m (ϑ) 0.
Proof of Theorem 2.4. i ) Using (5.1), we rewrite the fiber Schrödinger operator H m (ϑ), ϑ ∈ T d , defined by (2.3), (2.4) in the form: 
where B m is defined in (5.5). This yields
Proposition 5.2. Let G be a periodic graph obtained from the d-dimensional lattice by "gluing" the same finite connected graph G 1 with the Betti number β 1 to each vertex of the lattice (for d = 2 see Fig.6a ). Then the following statements hold true.
i) The Betti number β and the invariant I given by (2.5) for the periodic graph G satisfy
ii) The spectrum of the Schrödinger operator H = ∆ + Q on G has the form σ(H) = iii) The Lebesgue measure of the spectrum of the Schrödinger operators H on G satisfies |σ(H)| = 4d = 4I (5.11) and the estimate (2.14) becomes an identity.
Proof. i ) The fundamental graph G * = (V * , E * ) of the periodic graph G consists of all edges of the graph G 1 and d loops e 1 , . . . , e d of the fundamental graph of the d-dimensional lattice. Then β = β 1 + d. Using Theorem 3.1.i ) -ii ) we obtain that the minimal form m ∈ F (κ) is unique and supp m = {e 1 , . . . , e d , e 1 , . . . , e d }, which yields the identity I = d. ii ) -iii ) The identity (5.10) and the first identity in (5.11) were proved in [KS14] (Proposition 7.2). Since d = I, for the considered graph G the estimate (2.14) becomes an identity.
5.2.
Effective masses at the bottom of the spectrum. We introduce the Hilbert space ℓ 2 (A * ) = {φ : A * → C | φ(e) = −φ(e) for e ∈ A * and φ, φ A * < ∞}, (5.12)
where the inner product is given by φ 1 , φ 2 A * = 1 2 e∈A * φ 1 (e)φ 2 (e).
(5.13)
Let m ∈ F (κ) be a minimal form on the fundamental graph G * = (V * , E * ), where F (κ) is given by (1.7) at x = κ, and κ is the coordinate form defined by (1.4), (1.5). For each ϑ ∈ T In virtue of Theorem 3.1.i ), the minimal form m satisfies m = m( · , T ) for some κ-minimal spanning tree T = (V * , E T ) of the fundamental graph G * , where m( · , T ) : A * → R d is defined by (3.8) as x = κ. Let e ∈ supp m. Then, due to the property 2) of spanning trees (see page 10), there exists a unique cycle c e consisting of only e and edges of T . Let φ e ∈ ℓ 2 (A * ) be defined by
